The Fock space multireference coupled cluster based on an underlying bivariational self-consistent field is applied to the problem of computing complex energy associated with Auger and shape resonances in e-atom scattering. It is concluded that the Fock space multireference coupled cluster based on a bivariational self-consistent field provides a useful and practical approach to calculation of resonance parameters. Numerical results are presented for the 2 P shape resonance of Mg and Auger 1 s Ϫ1 hole of Be.
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I. INTRODUCTION
The resonances are characterized by the complex energy eigenvalues ZϭEϪi⌫/2, where E gives the position of the resonance and ⌫ gives the width of the resonance. 1 The corresponding eigenfunctions diverge asymptotically and do not belong to the Hermitian domain of the Hamiltonian. The dilation of atomic Hamiltonian has emerged as a practical and potentially accurate method for the calculation of resonance parameters in electron-atom scattering. [2] [3] [4] These methods are based on the mathematical developments of several workers. 5 The essential idea in these methods to the resonance problem is to make a transformation on Hamiltonian which results in a non-Hermitian operator, one of the square integrable eigenfunctions of which corresponds to the resonant state. The associated complex eigenvalue then gives the position and width of the resonance or auto-ionizing state.
The dilation transformation of the electronic coordinate r→r, where is a complex number, is used to make the resonance function square integrable. In atomic physics, in which particles are interacting with coulomb forces, the transformation r→r is quite straightforward. For arg() larger then some critical values, the complex eigenvalues correspond to the resonance ZϭEϪi⌫/2 of H(), are invariant to change, i.e.,
The advantage of this method over complex continuum calculations is that the resonance eigenfunctions are square integrable and thus many existing electronic structure calculation for the bound state can be adapted to the resonance.
Though conceptually simple, difficulties may arise in treating molecular systems using complex scaling method. 6 Introduction of an absorbing boundary condition in the exterior region of the molecular scattered target using a complex absorbing potential ͑CAP͒ 7 may be an alternative and numerically simpler route to solve resonance of the molecules. CAP potentials have been applied to molecules in the context of configuration interaction and electron propagator techniques. 8 A complex self-consistent field ͑SCF͒ 9 technique, also called bivariational SCF, 10, 11 has been attempted to calculate many electron atomic or molecular resonances. In these calculations the resonance energies and width are calculated as a difference between the ground state total energies of the (NϮ1) and the neutral target. The total energy of the ion is stabilized with respect to scale parameter while the total energy of the neutral target is assumed to be stable for ϭ1.0. The resonant energy eigenvalues were obtained by a SCF method in a manner very similar to standard SCF technique. Mishra et al. 12 showed that a crude approximation of the resonance eigenvalues can be deduced using Koopmans' theorem once the complex energies for all orbitals are obtained. The ionization potential/electron affinity studies using Koopmans' theorem provided with the simultaneous calculation of both energy ͑real part͒ and width ͑twice the imaginary part͒ of electron detachment Auger resonance (E 0 N -E s NϪ1 ) and electron attachment shape resonance (E s Nϩ1 -E 0 N ), where s labels a stationary state and E 0 N is the ground state total energy of the neutral N electron target. In this case, any stabilization is attributed to the total energies of the corresponding NϮ1 system. The resonance eigenvalues obtained by the Koopmans' theorem can always be modified by correlation studies.
The role of correlation and relaxation in the formation and decay of metastable states has been reported. 13 The aca͒ Author to whom correspondence should be addressed. Electronic mail: pal@ems.ncl.res.in curacy of the SCF approximations in the case of an electron scattering resonance depends on the extent to which the electron correlation is important in the description of particular states. This can be achieved by an effective Hamiltonian, which corrects for the inadequacies of the bivariationaly obtained Hartree-Fock operator. Thus complex SCF calculations on resonance will provide the best starting point for more accurate calculations. The Fock space multireference coupled cluster ͑FSMRCC͒ 14 -16 method has been quite successful in the calculation of electron affinity and ionization potential. In this paper, we formulate a FSMRCC method based on the complex SCF for the first time to the direct and correlated calculations of resonance energy and width. This can describe the dynamic and nondynamic electron correlation efficiently in the ionized or electron attached states. The MRCC method is based on a prechosen model space and the main ionizations can be conveniently described using a model space of important (NϪ1) electron determinants and an appropriate exponential wave operator to describe the dynamic electron correlation. Diagonalization of an effective Hamiltonian 17 over the model space provides the multiple roots of the state. Using the restricted Hartree-Fock of the N electron system as vacuum, the (NϪ1) electron determinants constitute onehole Fock space. Similarly with one-particle model space, electron affinity can be determined. The Bloch effective Hamiltonian 18 has been used quite successfully in the FSM-RCC method to describe ionization potential, electron affinity, and excitation energies. Quite clearly, a complex scaled FSMRCC can be a potentially powerful candidate to compute resonance energies and the width of the resonances.
In this paper we present resonant parameters and optimal scaling values obtained by the FSMRCC method. The 1 s
Ϫ1
hole in Be leads to a KLL Auger resonance and has been studied both experimentally and theoretically. 12,19,20͑a͒,20͑b͒ The 2 P shape resonance in e-Mg scattering serves as a problem for checking the theoretical scheme for the treatment of shape resonance and has been studied extensively. 9, 21, 22 We have utilized ͑10s/6p͒ contracted Gaussian-type orbitals ͑CGTO͒ 10 and ͑14s/11p͒ CGTO 23͑a͒ bases for Be and a ͑4s/ 9p͒ CGTO 23͑b͒ base for Mg since other theoretical results are available in these bases.
Section II contains a brief outline of the bivariational SCF method which serves as a starting point of our MRCC method to compute the resonance. In Sec. III we will develop the FSMRCC technique to compute resonance energy and a trajectory method to singling out the resonance orbital. In Sec. IV we will present our results for the calculation of the 1 s Ϫ1 Auger hole in Be and 2 P shape resonance in Mg. Further improvement in the characterization of the resonance using MRCC methods is presented in Sec. V.
II. BIVARIATIONAL SCF
In the complex self-consistent field method ͑bivaria-tional SCF͒ proposed by Mishra et al., 10 a complex Hamiltonian was used together with real basis functions. The difference between the usual Hartree-Fock theory and bivariational SCF is that in the latter, the energies of various orbitals are now complex. For the complex values of the dilation parameter , the dilated atomic Hamiltonian
is non-Hermitian, and therefore variational theorem does not apply. However, a bivariational theorem for non-Hermitian operators can be applied and the bivariational SCF equations for the complex scaled Hamiltonians are derived by extremizing the generalized functional
The trial functions ⌽ 0 and ⌿ 0 are built from linearly independent one-particle functions or spin orbitals
where the indices i and j go from 1 to N.
͑6͒
Extremization of the functional in Eq. ͑3͒ results in the following SCF equations:
where
͑9͒
The complex symmetry nature of the dilated Hamiltonian H ϩ ()ϭH*() suggests the dual choice of basis ⌽ and ⌿ having the property ⌽ϭ⌿* and the consequent association ͕ i ͖ϭ͕ i * ͖ to make the approximate manyelectron wave function satisfy same relation as the exact one.
The advantages of this assumption ͕ i ͖ϭ͕ i * ͖ and the details of the implementation of the bivariational SCF procedure are given in Ref. 10 .
A. Fock space MRCC method to calculate resonance
We choose the restricted Hartree-Fock determinant for N electron as the vacuum. With respect to this vacuum, holes and particles are defined. Depending on the energies of interest, these are further divided into active and inactive sets such that each determinant I of the model space has at least one active particle. For an (Nϩ1)/(NϪ1) electron state, the model space consists of determinants consisting of one active particle/hole. These are called one-particle or one-hole model space. The active particles or holes can be so defined as to make the model space complete.
where ͑1,0͒ denotes one active particle and zero active holes present in the model space determinants ͕ I ͖. C i are the model space coefficients. The exact wave function can be written in the Fock space method using Lindgren's normal ordered ansatz 16 as
where ⍀ is a valence-universal wave operator, and the curly bracket denotes an operator within it to be normally ordered. The valence universality of the wave operator ensures connectivity and size extensivity of the Fock space Bloch equations. To ensure this, T (1, 0) is defined to contain the amplitudes for lower valence sectors too. Hence the Ts used are capable of describing the problem consisting of lower valence electrons.
where T (0,0) is only a hole-particle creation operator and the T (1, 0) operator destroys exactly one valence particle in the model space. Each of these Ts can be written as the sum of different n-body operators. If the one-body scaling term is introduced in the Hartree-Fock level, the Fock space MRCC theory has a complex vacuum and consequently the complex molecular orbitals dictates that the T operator for all the sectors will be complex.
To calculate the electron affinity, we substitute the wave function into the Schrodinger equation for the multiple roots of the (Nϩ1) electron states. The roots are obtained as eigenvalues of the effective Hamiltonian 17 defined over the model space. The model space and the wave operator ⍀ are obtained by the Bloch equation 18 projected to the ͑1,0͒ model space as well as its lower sector, in this case ͑0,0͒ sector
The eigenvalues of the H eff 's, E s, are the exact energies of the system. Equations for cluster amplitudes are solved using the subsystem embedding condition, i.e., first equations for the lowest sector are solved. With the Ts of the lower sectors as constants, equations for higher Fock space sectors are solved progressively upwards. Normal ordering and the subsystem embedding condition together decouple
the same as model space dimensions and eigenvalues correspond to the exact energies of the system, i.e., electron affinity ͑E.A.͒ of the system. The vacuum expectation value of the effective Hamiltonian is the energy of the closed shell N electron state or zero-valence problem. Diagrammatically, this can be dropped easily and the eigenvalues of the resultant effective Hamiltonian of one valance Fock space sector provide us with direct difference energies. However, the effective Hamiltonian is a complex non-Hermitian matrix, in general. In a similar manner, we can solve the MRCC equations for the ͑0,1͒ sector of the model space and can carry out the ionization potential ͑IP͒ calculations. In this paper, we have used a singles and doubles approximation for the cluster amplitudes of both zero and one valence sector. This FSMRCCSD approximation has been noted to be quite accurate for the purpose of IP/E.A. calculation. However, one may note that in the FSMRCC method of computing direct difference energies, the energy of the ground state is computed with the scaled Hamiltonian. This is a result of the direct evaluation of the difference energies. The dependence of the electron affinity/ ionization potential as well as the ground state energy with the scaling parameter is worth investigating. We may note that the dependence on the scaling parameter is a feature with all methods, which obtain these difference energies in a direct manner. The dependence of the scaling parameter is, however, a manifestation of the finite basis set as will be discussed in the next section.
B. The trajectory method for resonant energies and width by the E.A.ÕIP search
Several workers 5 have studied the transformations of the spectrum of the Hamiltonian for an Nϩ1 particle system under complex scaling. The spectrum is transformed in such a way that the resonance states become isolated in the complex energy plane. Based on these spectrum transformation results, the EAϭE n Nϩ1 ()ϪE 0 N obtained from MRCC calculations may be classified as follows.
͑1͒ Bound state eigenvalues and scattering thresholds are invariant of and if n denotes a bound state E n N ϩ1 () is real and persistent. Therefore E n Nϩ1 ()ϪE 0 Nϩ1 is a persistent real energy.
͑2͒
As continua rotate as a function of , complex eigenvalues may be exposed. These eigenvalues are independent of as long as they are isolated from the continuum. These complex energies correspond to resonances. If n denotes a resonant ͑metastable state͒ of the ion, E n Nϩ1 ()ϭE r
Nϩ1
Ϫi⌫/2 and the corresponding energy difference E n Nϩ1 () ϪE 0 N ϭ(E r Nϩ1 ()ϪE 0 N )Ϫi⌫/2 gives the position ͑real part͒ and half width ͑imaginary part͒ of the resonances.
A similar analysis may be carried out for the ionization potential to calculate the position and width of Auger resonance. With this brief discussion of the calculation of energy differences as a common background, its utility in direct and simultaneous treatment of resonances of NϮ1 electron systems becomes manifest.
While the EA/IP corresponding to the resonance is persistent once uncovered and should be invariant to further changes in the complex scaling parameter, applications employing the manageable basis sets do not fulfill the condition
This condition for total stability is instead seen to manifest itself as quasistability in the short range of . The stability of resonance is then examined through the following relation:
‫ץ‬Z/‫ץ‬ϭ0 ͑19͒
and for ϭ␣e
Ϫi one has the reciprocity relations ͑ ‫ץ/‪Z‬ץ‬ ͒ ␣opt ϭϪi͑‫ץ‬Z/‫ץ‬ ͒ϭ0 ͑20a͒
and ͑ ‫␣ץ/‪Z‬ץ‬ ͒ opt ϭi/␣͑‫ץ‬Z/‫ץ‬ ͒ϭ0. ͑20b͒
Equation 20͑a͒ can be solved by plotting trajectory, which is a graphical method in which resonance energy Z is plotted as a function of , holding ␣ fixed. In a similar way Eq. 20͑b͒ can also be solved. The stationary points along the trajectories which satisfy the complex form of virial theorem correspond to slowing down ͑closing of distance between consecutive points͒ or cusps of these trajectories. The tedious and expensive graphical solution of Eq. ͑20͒ is the principal bane of complex coordinate calculations.
III. RESULTS AND DISCUSSION

A. The 1 s À1 Auger hole in Be
The 1 s Ϫ1 Auger hole in Be is studied by checking the ionization potential calculations using the FSMRCC method for various scaling parameters. A comparative study of trajectories between the uncorrelated SCF and FSMRCC for the ␣ϭ0.85 is shown in Fig. 1 using the 10s/6p basis set. The noticeable difference between the two trajectories shows the need for the inclusion of correlation and relaxation in the study of Auger resonances. It is seen that by including the correlation, the energy is lowered. This can be due to the additional screening of the nucleus by other electrons. The positive imaginary part coming in the bivariational SCF level away from the optimum values of the scaling parameter may be due to the instability of complex SCF and use of finite basis set. The trajectories for ␣ϭ0.80, 0.85, 0.90, and 0.95 are shown in Fig. 2 . The slowing down accompanied by a small cusp is seen in the trajectories for ␣ϭ0.90 and 0.95. To determine the optimal value of alpha we next examine the alpha trajectories ͑Fig. 3͒ for ϭ0.08, 0.09, and 0.10 rad. These trajectories display a coalescence of the points near the ␣ϭ0.90 and this value of alpha is taken as the optimal value. After the optimal point, the trajectories show monotonous increase of distance between the consecutive points. The values for the energy and width obtained by various theoretical and experimental methods are shown in Table I . Our results also show a good agreement with these results. We have done similar calculations using the 14s/11p basis set. The alpha trajectories for these calculations are shown in Fig. 4 . The optimum value of the scaling parameters (␣ opt ϭ0.75-0.78, opt ϭ0.26 rad) for this basis set is different from that of 10s/6p basis used. The results we got using this higher basis set is closer to the experimental result and higher order dilated-propagator theory results. The trajectories plotted by using higher basis sets are more stable than that of a lower basis set and show less dependence of scaling parameters near the resonant point.
B.
P shape resonance in Mg
The shape resonances belong to the continua attached to the first threshold of the target and are easiest to analyze. The alkaline earth element Mg has a P-type orbital as the lowest unoccupied orbital. These p orbitals are ideally suited for providing centrifugal angular momentum barrier of adequate width and depth to temporarily trap the impinging electron. We have performed a series of calculations with different values of scaling parameter alpha and theta on this system, which employs a 4s/9p basis of real valued Gaussian functions.
The results obtained from experiment and various theoretical methods and for e-Mg scattering are collected in Table  II . Our result for energies and width are in good agreement with experimental and other theoretical methods. In a MRCC calculation using the complex Hamiltonian H(͕r͖), there is a stationary behavior of the complex electron affinity with respect to variation of the theta and alpha to be expected; at some value of and ␣, ‫ץ/‪E‬ץ‬ and ‫␣ץ/‪E‬ץ‬ vanishes, respectively. However, in calculations utilizing limited basis sets only quasistability in a narrow region of alpha and theta values is observed. The resonances are identified by plotting the complex electron affinity as a function of theta ͑theta trajectory͒ for alpha values near the optimal values and the quasistable region in the trajectory is associated with resonance energy ͑real part͒ and half width ͑imaginary part͒; the same way alpha trajectories are also constructed for theta values near the optimal values.
The lowering of both the energy and width near the stationary point in the theta trajectories shown in Figs. 5 and 6 seems to indicate that relaxation of the target helps the impinging electron to see more nuclear attraction ͑lower energy͒, whereby it spends more time in the vicinity of the target ͑has smaller width͒. This is reflected in our MRCC calculations by the cusp near the stationary points in the trajectories.
MRCC calculations also shows some of the notable features of the stabilization method 33 that at the point of optimal stabilization of the resonant root there is an avoided crossing with another nearly degenerate root which descends from above and replaces the stabilization root when further changes in the stabilization parameter are affected. The two theta trajectories in Fig. 7 correspond to two different scattering root approaches to each other from the opposite direction in the complex energy plane and there is almost an avoided crossing near the resonance. These trajectories correspond to different orbitals and display an identical resonance behavior near the crossing point. The wave packet nature of the incoming electron beam can explain the multiple resonant roots. The key idea of the stabilization theory is that the resonances are localized inside the potential barrier. The wave packet is made up of many waves falling within the width of the packet center. As such, orbital bases of the kind employed here with nearly degenerate orbital energies in close proximity to the resonance energy will give rise to different roots describing the different roots of the packet whose width is determined by the width of the widest root.
The optimum value of ␣ (␣ opt ϭ0.72-0.75) is the same as that of the dilated electron propagator calculation 21 which is also based on an underlying bivariational SCF. But our method needs a larger rotation to uncover resonance( opt MRCC ϭ0.26-0.30 rad, opt propagator ϭ0.12 rad). This may be due to the high theta dependency of the ground state energy of the n electron target E n ( opt ).
IV. CONCLUDING REMARKS
The electron correlation and relaxation effects play a substantial role in the formation and decay of resonance. The description of the resonance energy levels at the bivariational SCF level is included only to discriminate that the correlation and relaxation effects characterizes the resonance.
The basic purpose of our work is to use a highly correlated Fock space MRCC method using complex scaling to compute ionization potential/electron affinity, and thus to provide a method to obtain more accurate energy and width of the resonance. Our results show the correlation and relaxation effects in the calculation of resonance. 
